We describe the spectra and decays of π + π − and π ± K ∓ atoms within a non-relativistic effective field theory. The evaluations of the energy shifts and widths are performed at next-to-leading order in isospin symmetry breaking. The prediction for the lifetime of the π ± K ∓ atom in its ground-state yields τ = (3.7 ± 0.4) · 10 −15 s.
Introduction
Hadronic atoms are highly non-relativistic loosely bound systems of hadrons mainly formed by the Coulomb interaction. The study of these hadronic bound states has seen growing interest during recent years, because they provide important information on the behavior of QCD at low-energy. The DIRAC collaboration 1 at CERN measures the lifetime of the π + π − atom, and plans to determine the ππ scattering lengths difference |a 0 0 − a 2 0 | at 5% accuracy. Particularly exiting is the fact that in this manner the current understanding of the SU(2)×SU(2) chiral symmetry breaking in QCD can be verified experimentally. Another experiment on hadronic atoms is presently performed at PSI. The pionic hydrogen collaboration 2 plans to measure the strong energy shift and decay width of the π − p atom in its ground-state at the 1% level. This high precision measurement aims to determine the S-wave πN scattering lengths. Finally, the DEAR collaboration 3 at the DAΦNE facility measures the strong energy shift and width of the ground-state in kaonic hydrogen. Here, the goal is to extract the KN S-wave scattering lengths.
In order to extract the scattering lengths from such precision measurements, the theoretical expressions for the spectrum and decays must be known to a precision that matches the experimental accuracy. Nearly fifty years ago, Deser et al. 4 derived the leading order formulae for the decay width and the energy shift in pionic hydrogen. Similar relations exist for π + π − and π − K + atoms 5,6 , which decay predominantly through the strong transitions π + π − → π 0 π 0 and π − K + → π 0 K 0 , respectively. Theoretical investigations on the spectrum and the decay of pionium have been performed beyond leading order in several settings. In particular, the lifetime of pionium was studied by the use of the Bethe-Salpeter equation 7 and in the framework of the quasipotential-constraint theory approach 8 . The width of the π + π − atom has also been analyzed within a non-relativistic effective field theory 9,10,11 , which was originally developed for bound states in general by Caswell and Lepage 12 . The average momenta of the pions circulating in pionium are very small, of the order of αM π + , where α denotes the fine-structure constant. For this reason, a non-relativistic framework provides the most powerful approach to the calculation of the characteristics of this sort of bound states. In particular, this technique allows one to evaluate the higher order corrections to the Deser-type formulae systematically. In Refs. 9,10,11,13,14 the lifetime of pionium was evaluated at next-to-leading order in the isospin breaking parameters α ≃ 1/137 and (m u − m d )
2 . The nonrelativistic framework was further applied to the ground-state of pionic hydrogen 15,16,17 and very recently to the energy-levels and decay widths of kaonic hydrogen 18 .
Within the non-relativistic effective field theory approach we evaluated the Swave decay widths and strong energy shifts of pionium and the π ± K ∓ atom at next-to-leading order in isospin symmetry breaking 19, 20 . The width of the π ± K ∓ atom is related to the isospin odd πK scattering lengths a − 0 , while the strong energy shift is proportional to the sum of isospin even and odd scattering lengths a 
Non-relativistic Lagrangian
In what follows, we concentrate on the spectrum and decays of the π ± K ∓ atom. The non-relativistic Lagrangian is exclusively determined by symmetries, which are rotational invariance, parity and time reversal. It provides a systematic expansion in powers of the isospin breaking parameter δ. What concerns the π − K + atom, we count both α and m u − m d as order δ. The different power counting for the π + π − and π − K + atoms are due to the fact that in QCD, the chiral expansion of the pion
In the sector with one or two mesons, the non-relativistic πK Lagrangian is L NR = L 1 + L 2 . The first term contains the one-pion and one-kaon sectors,
where E = −∇A 0 −Ȧ, B = ∇ × A and the quantity h = π, K stands for the non-relativistic pion and kaon fields. We work in the Coulomb gauge and eliminate the A 0 component of the photon field by the use of the equations of motion. The covariant derivatives are given by D t h ± = ∂ t h ± ∓ieA 0 h ± and Dh ± = ∇h ± ±ieAh ± , where e denotes the electromagnetic coupling. What concerns the one-pion-one-kaon sector, we only list the terms needed to evaluate the decay width and the energy shift of the π − K + atom at next-to-leading order in isospin symmetry,
The coupling constant C ′ 1 contains contributions coming from the electromagnetic form factors of the pion and kaon,
where r 2 π + and r 2 K + denote the charge radii of the charged pion and kaon, respectively. The low energy constants C 1 , . . . , C 3 are determined through matching to the relativistic theory. For illustration we give the result of the matching in the isospin symmetry limit:
where the S-wave scattering lengths a a 
Decay width of the πK atom
To evaluate the energy shift and decay width of the π − K + atom at next-to-leading order in isospin symmetry breaking, we make use of resolvents. For a detailed discussion of the technique, we refer to Ref. 20 . Here, we simply list the results. The decay width of the ground-state reads at order δ 9/2 , in terms of the relativistic
where µ + denotes the reduced mass of the πK atom and
The outgoing relative 3-momentum with λ(x, y, z) = x 2 +y 2 +z 2 −2xy−2xz−2yz, is chosen such that the total final state energy corresponds to ground-state Coulomb energy E 1 = M π + + M K + − α 2 µ + /2. The quantity Re A 00;± thr is calculated as follows. One evaluates the relativistic π − K + → π 0 K 0 amplitude at order δ near threshold and removes the divergent Coulomb phase. The real part contains singularities ∼ 1/|p| and ∼ ln|p|/µ + . The constant term in this expansion corresponds to Re A 00;± thr . The normalization is chosen such that
The 
The bulk part in the uncertainty is due to the uncertainties in the πK scattering lengths. Table 1 . Numerical values for the energy shift of the π ± K ∓ atom.
Energy splittings
n=1, l=0 −0.095 −2.56 −9.0 ± 1.1 n=2, l=0 −0.019 −0.29
The energy-level splittings of the π ± K ∓ atom are induced by both electromagnetic and strong interactions. At order δ 3 , the energy shift contributions are exclusively due to strong interactions, while at order δ 4 , both electromagnetic and strong interactions contribute. It is both conventional and convenient to split the energy shifts into a strong and an electromagnetic part, according to
where n stands for the principal quantum number and l for the angular momentum. The electromagnetic energy shift contains both pure QED corrections as well as finite size effects due to the charge radii of the pion and kaon, see Eq. (3). The pure b Note that this splitting cannot be understood literally, i.e. there are contributions from strong interactions to ∆E em n0 .
electromagnetic corrections have been evaluated a long time ago by Nandy 29 and the finite size effects are given in 20 . For the first two states the numerical values for ∆E em nl are listed in Table 1 . At order δ 4 , the strong S-wave energy shift yields 19,20 ,
where
and ψ(n) = Γ ′ (n)/Γ(n). The quantity Re A ±;± thr is determined by the constant term occurring in the threshold expansion of the relativistic π − K + → π − K + amplitude. In the isospin limit, the normalized relativistic amplitude
reduces to the sum of the isospin even and odd scattering lengths. The corrections ǫ What remains to be added are the contributions coming from the electron vacuum polarization. The calculation of these corrections within a non-relativistic Lagrangian approach has been performed in Ref. 10 . In our framework, the contributions due to vacuum polarization arise formally at higher order in α. However, they are amplified by powers of the coefficient µ + /m e , where m e denotes the electron mass. For the first two energy-level shifts, the vacuum polarization contributions ∆E vac nl are listed in Table 1 .
Summary
We provided the formulae for the energy shift and the decay width of the π ± K ∓ atom at next-to-leading order in isospin symmetry breaking. At leading and next-to leading order the π − K + atom decays into π 0 K 0 exclusively. Aside from a kinematical factor -the relativistic outgoing 3-momentum of the bound system -the width can be expanded in powers of α and m u − m d . The decay width is related to π − K + → π 0 K 0 threshold amplitude, which is determined in the isospin limit by the isospin odd scattering length a It is both conventional and convenient to split the energy shifts into an electromagnetic and a strong part, according to Eq. (10). The electromagnetic part contains both pure QED contributions as well as finite size effects due to the charge radii of the pion and kaon. The strong energy shift of the π − K + atom is proportional to the one-particle irreducible π − K + → π − K + scattering amplitude at threshold. In the isospin symmetry limit, the elastic threshold amplitude reduces to the sum of isospin even and odd scattering lengths a Our prediction for the lifetime of the π ± K ∓ atom in its ground-state yields: τ = (3.7 ± 0.4) · 10 −15 s, while the numerical values for the energy shifts are listed in Table 1 . To confront these predictions with data presents a challenge for future hadronic atom experiments.
